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A NOTE ON MAZUR TYPE STEIN FILLINGS OF
PLANAR CONTACT MANIFOLDS
TAKAHIRO OBA
Abstract. We construct a family of Stein fillable contact homology 3-
spheres {(Mn, ξn)}n≥1 such that the contact structure ξn is supported
by an open book with planar page, and a Stein filling of (Mn, ξn) is of
Mazur type for each n.
1. Introduction.
Let M be a closed, oriented, connected 3-manifold. A 2-plane field ξ on
M is called a contact structure on M if it is represented as ξ = kerα for
some 1-form α on M satisfying α ∧ dα > 0. An open book of M is called
a supporting open book for ξ = kerα if dα is an area form of each page and
α > 0 on its binding. Giroux [10] (cf. [6]) showed that there is a one-to-one
correspondence between contact structures on M up to isotopy and open
books of M up to an equivalence called positive stabilization.
Using this correspondence, Etnyre and Ozbagci [7] introduced the follow-
ing invariants of contact structures by their supporting open books. For a
contact 3-manifold (M, ξ), the support genus sg(ξ) of ξ is the minimal genus
of a page of a supporting open book for ξ, and the binding number bn(ξ) of
ξ is the minimal number of binding components of a supporting open book
for ξ which has a page of genus sg(ξ). They classified the contact structures
ξ on M with sg(ξ) = 0 and bn(ξ) ≤ 2. Arikan [1] also classified those with
sg(ξ) = 0 and bn(ξ) = 3. The standard contact structure ξst on S
3 is the
only Stein fillable contact structure on a homology 3-sphere in their clas-
sification. It is well-known after Eliashberg [5] that D4 is a unique Stein
filling of (S3, ξst). Therefore it is a natural question whether there exists
a homology 3-sphere M admitting a Stein fillable contact structure ξ with
sg(ξ) = 0 and bn(ξ) = 4 and what is a Stein filling of (M, ξ).
In this note, we give an answer to this question by constructing a family
of Stein fillable contact 3-manifolds with sg(ξ) = 0 and bn(ξ) = 4 whose
Stein filling is not diffeomorphic to D4.
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Furthermore, these Stein fillings are of Mazur type. Mazur [13] introduced
a contractible 4-manifold whose boundary is a homology 3-sphere not dif-
feomorphic to S3, called the Mazur manifold. A Mazur type manifold was
defined as a generalization of the Mazur manifold (for the precise definition,
see Definition 3.1).
Now we are ready to state the main theorem in this note.
Theorem 1.1. There exists a family of contact homology 3-spheres {(Mn, ξn)}n≥1
such that
(1) M1,M2, . . . are mutually not diffeomorphic,
(2) each contact structure ξn is Stein fillable and supported by an open
book with page a 4-holed sphere, and
(3) a Stein filling Xn of (Mn, ξn) is a Mazur type manifold.
We have one more motivation for our work. Many examples of corks,
which are compact contractible Stein 4-manifolds admitting a nice involu-
tion, are known to be of Mazur type. Some of them work to detect an exotic
4-manifold pair. See [2] and [4]. Thus the Stein fillings of the contact man-
ifolds in the above theorem are candidates for corks, and we may construct
an exotic pair.
This note is constructed as follows. In Section 2, we review some defini-
tions and properties of positive Lefschetz fibrations and the Casson invariant.
In Section 3, we prove Theorem 1.1. The proof of this theorem is based on
works of Loi and Piergallini [12] and Akbulut and Ozbagci [3], who proved
that, for any positive allowable Lefschetz fibration (PALF ) f : X → D2,
there exists a Stein fillable contact structure ξ on M = ∂X such that ξ is
supported by the open book obtained from f , and X is a Stein filling of
(M, ξ). Thus first we give appropriate ordered collection of mapping classes
as a monodromy of each PALF belonging to a family of PALFs. Drawing
a Kirby diagram of the PALF and performing Kirby calculus, we examine
it. Finally we calculate the Casson invariant of its boundary and finish the
proof of Theorem 1.1.
Aknowledgments. The author would like to express his deep gratitude to
his advisor, Hisaaki Endo, for his encouragement and many useful sugges-
tions. He would also like to thank the participants in the handle friendship
seminar for helpful discussions on 4- and 3-dimensional topology especially
Tetsuya Abe for suggesting some references to the Alexander polynomial of
a ribbon knot.
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2. Preliminaries.
We first review positive Lefschetz fibrations and the Casson invariant. For
more about contact topology we refer the reader to [6], [9], and [14].
Throughout this note we will work in the smooth category and consider
the homology groups with integer coefficients.
2.1. Positive Lefschetz Fibrations. LetX be a compact, oriented, smooth
4-manifold and B a compact, oriented, smooth 2-manifold.
Definition 2.1. A map f : X → B is called a positive Lefschetz fibration if
there exist points b1, b2, . . . , bm in Int(B) such that
(1) f |f−1(B−{b1, b2, . . . , bm}) : f
−1(B−{b1, b2, . . . , bm})→ B−{b1, b2, . . . ,
bm} is a fiber bundle over B − {b1, b2, . . . , bm} with fiber diffeomor-
phic to an oriented surface F ,
(2) b1, b2, . . . , bm are the critical values of f with a unique critical point
pi ∈ f
−1(bi) of f for each i,
(3) for each bi and pi, there are local complex coordinate charts with
respect to the given orientations of X and B such that locally f can
be written as f(z1, z2) = z
2
1 + z
2
2 , and
(4) no fiber contains a (−1)-sphere, that is, an embedded sphere with
self-intersection number −1.
We call a fiber f−1(b) a singular fiber if b ∈ {b1, b2, . . . , bm} or else a
regular fiber. Also we call X the total space and B the base space.
Here we will review roughly a handle decomposition of the total space of
a given positive Lefschetz fibration over D2. For more details we refer the
reader to [11, §8.2] and [14, §10.1]. Suppose f : X → D2 is a positive Lef-
schetz fibration with fiber diffeomorphic to a compact, oriented, connected
genus g surface F with r boundary components. Then X admits a handle
decomposition
X = (D2 × F ) ∪ (
m⋃
i=1
h
(2)
i )
= (h(0) ∪
2g+r−1⋃
j=1
h
(1)
j ) ∪ (
m⋃
i=1
h
(2)
i )
where each h
(k)
l is a k-handle, and each 2-handle h
(2)
i corresponding to the
critical point pi is attached along a simple closed curve αi ⊂ {pt.} × F ⊂
D2×F with framing −1 relative to the product framing on αi. The attaching
circle αi of h
(2)
i is called a vanishing cycle for the singular fiber f
−1(bi). Then
the ordered collection (tα1 , tα2 , · · · , tαm−1 , tαm) of positive Dehn twists is
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called amonodromy of f . Conversely, note that a positive Lefschetz fibration
over D2 can be constructed from a given set of simple closed curves.
We say that a positive Lefschetz fibration over D2 is allowable if all of
the vanishing cycles are homologically nontrivial in the fiber F . After this,
a positive allowable Lefschetz fibration is abbreviated to a PALF.
2.2. The Casson Invariant. Let M be the set of the homeomorphism
classes of oriented homology 3-spheres. We recall an invarinat of M in this
section.
Definition 2.2. A map λ :M→ Z is called the Casson invariant if
(1) λ(S3) = 0 ,
(2) for any oriented homology 3-sphere M , any knot K in M , and any
m ∈ Z, the difference
λ(M +
1
m+ 1
·K)− λ(M +
1
m
·K)
is independent of m, where M + (1/m) ·K is the manifold obtained
from M by (1/m)-surgery on K, and
(3) for any oriented homology 3-sphere M , any two components bound-
ary link K ∪ K ′ in M , that is, two knots K and K ′ which bound
disjoint Seifert surfaces in M , and any m,n ∈ Z,
λ(M +
1
m+ 1
·K +
1
n+ 1
·K ′)− λ(M +
1
m
·K +
1
n+ 1
·K ′)
−λ(M +
1
m+ 1
·K +
1
n
·K ′) + λ(M +
1
m
·K +
1
n
·K ′)
= 0 .
Remark 2.3. The existence and uniqueness up to sign of the Casson in-
variant were proven by Casson. He also showed that this invariant λ has
some properties, in particular λ(M +(1/(m+ 1)) ·K)−λ(M +(1/m) ·K) =
(1/2)∆′′K⊂M (1) for any oriented homology 3-sphere M , any knot K in M ,
and any m ∈ Z, where ∆K⊂M(t) is the normalized Alexander polynomial of
K in M (see [15] and [16, section 3.4] for other properties).
In a special case, we can compute the Casson invariant of a given homology
3-sphere by using the formula below.
Proposition 2.4 (The surgery formula). Let M be an oriented homology
3-sphere and K a knot in M . Then, for any m ∈ Z
λ(M +
1
m
·K) = λ(M) +
m
2
∆′′K⊂M(1) .
Proof. This proposition follows immediately from Remark 2.3. 
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Figure 1. Simple closed curves α, β, and γ in S.
Figure 2. The graph on the right corresponds to the simple
closed curve on the left.
3. Main theorem.
Let S be a 4-holed sphere and α, β, and γ simple closed curves in S as in
Figure 1. We deal with a simple closed curve mapped by a diffeomorpsim
of S and it is complicated in general. Thus we draw a simple closed curve
in S like as a graph for example in Figure 2. This presentation can be justi-
fied by considering the original simple closed curve as one of the boundary
components of a tubular neighborhood of the graph.
Let fn : Xn → D
2 (n ≥ 1) be a PALF with fiber S whose monodromy is
(tα , tβ , tγn)
where γn is (tγ tβ)
n(γ) (See Figure 3). A Kirby diagram of Xn can be
drawn from the data of the vanishing cycles as the first diagram in Figure
4. Performing Kirby calculus for this diagram as in Figure 4, we obtain a
simple diagram of Xn as the last of Figure 4.
Before the proof of Theorem 1.1, we define one more crucial notion.
Definition 3.1. A 4-manifold X is called of Mazur type if it is contractible,
the boundary ∂X is not diffeomorphic to S3, and it admits a handle decom-
position consisting of one 0-handle, one 1-handle, and one 2-handle.
Proof of Thorem 1.1. We first note that each ∂Xn admits the Stein fillable
contact structure ξn supported by the open book obtained from fn : Xn →
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Figure 3. The vanishing cycles α, β, and γn of fn : Xn → D
2
D2 according to Loi and Piergallini [12] and Akbulut and Ozbagci [3]. We
will show that {(∂Xn, ξn)}n≥1 is a family we want here.
By the last diagram of Xn as in Figure 4, H∗(Xn) = H∗({pt.}) and
pi1(Xn) = 1, so each Xn is contractible. Xn has a handle decomposition sat-
isfying the condition for a Mazur type manifold. Thus once we show ∂Xn is
not diffeomorphic to S3, it follows that Xn is of Mazur type. Considering the
first diagram of Xn in Figure 5 as a surgery diagram of ∂Xn and Performing
some Kirby moves for the diagram of ∂Xn as in Figure 5, we conclude that
∂Xn is obtained from the Dehn surgery on the knot Kn in Figure 5 with
surgery coefficient 1. In order to determine the Casson invariant of ∂Xn, we
first compute the Alexander polynomial ∆Kn⊂S3(t) i.e., ∆Kn(t). Fox and
Milnor [8, Theorem 2] showed that, if a knot K is a slice knot, there exists
a polynomial f(t) with integer coefficients such that ∆K(t) = f(t)f(t
−1).
Furthermore it is well-known that, if K is a ribbon knot, the above poly-
nomial f(t) is equal to the Alexander polynomial ∆D(t) of a ribbon disk D
of K up to units, and it is computed from the fundamental group of the
ribbon disk exterior (cf. Terasaka [17] computed ∆K(t) of a ribbon knot
K from the Wirtinger presentation of K). Since each Kn is a ribbon knot,
considering the ribbon disk exterior D4 − ν(Dn) as in Figure 6, where Dn
is a ribbon disk of Kn and ν(Dn) is its tubular neighborhood in D
4, we can
determine the fundamental group of D4 − ν(Dn) as follows ;
pi1(D
4 − ν(Dn)) = 〈x, y | (xy)
nx(xy)−ny−1〉.
Using this presentation of pi1(D
4 − ν(Dn)), it follows from the above facts
that
∆Dn(t) = f(t) = 1− t+ t
2 − t3 + · · ·+ t2n,
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and
∆Kn(t) = f(t)f(t
−1)
= t2n − 2t2n−1 + 3t2n−3 − · · · − 2nt+ (2n+ 1)
−2nt−1 + (2n+ 1)t−2 · · · − 2t−(2n−1) + t−2n.
Thus
∆′′Kn(1) = 2n(n+ 1),
Figure 4. Kirby diagrams of Xn and Kirby calculus for the diagrams.
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and by Proposition 2.4
λ(∂Xn) = λ(S
3 + 1 ·Kn) =
1
2
× 2n(n+ 1) = n(n+ 1) 6= 0.
We conclude that ∂X1, ∂X2, . . . are not diffeomorphic to S
3 and mutually
not diffeomorphic. Now we complete the proof of Theorem 1.1.

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Figure 5. Surgery diagrams of ∂Xn and deformation of the diagrams.
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}2n
Figure 6. The ribbon disk exterior for Kn.
